Abstract. In this paper, we study the autonomous composition operator, which takes a pair of functions (1,9) into its composite function fog. We assume that land g belong to Sobolev spaces defined on open subsets of R", and we concentrate on the case in which the space for g is a Banach algebra. We give a sufficient condition in order that the composition maps bounded sets to bounded sets, and we exploit the density of the polynomial functions in the space for I in order to prove that for suitable Sobolev exponents of the spaces for I and g , the composition is continuous and differentiable with continuity up to order r, with '-> 1. Then we show the optimality of such conditions by means of theorems of 'inverse' type.
Introduction
In this paper we study continuity and r-th order differentiability properties of the autonomous composition operator defined by (1, 9) '-4 fog (1 E Wm1+.)1(cl1), g E (Wm"3(cZ))') (1) where Q and Q, are open subsets of R", 9(f2) c ui, and where Wm1P1(Q1) and W-P(c) denote Sobolev spaces of exponents m 1 +r, P1 and m, p, respectively. We note that, in general, the composition of an equivalence class of functions of Wml+r,p1 (fl 1) with an element of (WmP(IZ))n which maps Q into f2i does not make sense. Indeed, the representatives of the elements of Wm1P1(fl1) are defined only up to a set of measure zero. Accordingly, we will be able to consider the composition in (1) only for g's such that the'g-preimage of a set of measure zero has measure zero. Even by taking = 0, and by composing f E W m lP1(fZ 1 ) with a smooth g, we cannot expect that, in general, f o g could be more regular than a function of W"" " (IZ). Thus, as a range space, we choose Wm1P1(l). Similarly, in order to have fog E Wm1P1(f), we must require, in general, that g is at least as regular as f . Thus we choose m 1 < m and pi < p. To ensure that WmP(Z) is a Banach algebra, we assume mp> n. To ensure M. Lanza de Cristoforis: Dip. di Mat. Pura ed Appl. Via Belzoni 7, 35131 Padova, Italia 632 M. Lanza de Cristoforis that fog E W rn1 P 1 (l) when f E W m " 1 (1l i ) and g E (WrnP(cl) ) ' , and that the set of g's we consider is open in (W m P (2) ) t , we assume that (m -i)p> n.
The main finding of this paper is that the composition operator in (1) is of class c r from an appropriate subset of Wm1+1(1li) x (W, ,p(Q))n to WmIPI(cl). To prove such statement, we exploit the abstract results of Lanza 1161, which are in the wake of those of Lanza [15] for Schauder spaces, and some estimates of the Sobolev norm of fog of the type of those contained in Lanza [13] . Then we show, with the only exception of the case (m i ,pi ) = (0, 1), that such statement is optimal, in the sense that if f is a real-valued function defined on R" and if g i-i f o g were to be of class C' from the set ofg's for which we have considered (1) to WmITh(l) , then! E TVtn1+rP1(Rn) Oc The composition operator normally arises in problems of nonlinear analysis, and has been studied by several authors. For extensive references, we refer to the monograph of Appell and Zabrejko [3] and to that of Runst and Sickel [26] . In the Sobolev space setting we mention, in particular, the papers of Marcus and Mizel [17 -22] , Adams [1] , Szigeti [28, 29] , Valent [31 -331, Gol'dshtein and Reshetnyak [11] , Drábek and Runst [10] , Musina [23] , Bourdaud and Meyer [7] , Bourdaud [4, 51, Bourdaud and Kateb [6] , and Sickel [27] . However, as far as considering the differentiability of the composition operator when both the functions f and g belong to a Sobolev space, the author is only aware of the paper of Brokate and Colonius [8] , who have proved a first order differentiability statement for the composition operator from a suitable subset of W 1 '°° x W"°° to L, with a finite p and with f and g depending on a single real variable.
Preliminaries and notation
We denote the norm on a (real) normed space X by 11 . lix or, in case of no ambiguity, more simply by . Let X and )) be normed spaces. We equip the product space X x Y with the norm iixx y = . lix + ii ily, while we use the Euclidean norm for lR'. We say that X is imbedded into )) provided that there exists a continuous linear injective map of X into Y. By £(X, )) we denote the normed space of the continuous linear maps of X to ) equipped with the topology of uniform convergence on the unit sphere of X. For any non-zero natural number .s, £ () (X, Y) denotes the normed space of continuous s-linear maps of X 3 to Y. For all standard definitions and theorems of Calculus in normed spaces, we refer the reader . to Cartan [9] .
Further, N denotes the set of natural numbers including 0. Throughout the paper, n is an element of N\ {0}. Let r e N U {oo} and let 0 be an open subset of X. Then C(0 , ))) denotes the space of r-times continuously differentiable maps of 0 to Y. Let f be a function. The f-preimage of a set D is denoted f(D). The inverse function of an invertible function f is denoted f (1) as opposed to the reciprocal of a real-valued function g or the inverse of a matrix A, which are denoted g -1 and A', respectively. For all R> 0 and x E R', lxi denotes the Eucledian modulus of x in R'1 , and B(x, R) denotes the ball {y e IR'1 ix -i < R}. A dot '' denotes the inner product in R' or the matrix product. We now note that the representatives of f are defined almost everywhere and that, accordingly, the composition of f with an equivalence class of functions g of ci to ci may not make sense. Thus 
(note that any of the two hand-sides of equation (3) may be undefined on some subset of measure zero of Ii, i.e. whenever g,() Q i for E ci). In case the composition of f and g is well-defined, we denote by f 0 g the equivalence class of those functions which are almost everywhere equal to any of the composite functions in (3).
Concerning Definition 2.4, it is perhaps worth to note that if g E (L(ci))" and if () E ci i , for almost all e E ci, for at least one representative of g, then the same holds for all representatives of g, so that we can conclude that g(Q) ç ci,. Also, it is not difficult to realize that the following holds (cf. Lanza [16: Lemma 3.23] Thus, we will consider only g's with the property of statement (ii) of Lemma 2.5. (1))Th, and if the the real number t defined
Here -y := 0 if y = +. Since, as announced in the introduction, we require t = p when m = m 1 and p = P1, we take (ni -l)p ^! n and -y = +. To satisfy condition -y = +, we assume the existence of some constant c> 0 such that IdetDgl > c a.e. in ft Since we are interested in the differentiability of the composition operator, we require that the set
be open in the space (WmP(Q)). Such requirement suggests that we should assume the map g '-IdetDgI to be continuous from (WmP ())' to L(cl). To ensure such continuity, we take (m -i)p> n. Such considerations indicate that it is for us natural to consider the composition of
with (m -l)p > n. Then we have the following result, which is in the spirit of Lanza [13: 
Then the following assertions hold: (i) For all 0 < c < +oo and 0 < A +, the composition fog is well-defined for all (f, g) E W m '" (Q 1 ) x 9m,p,c,A(1,cl) and belongs to Wrn17'1(). (ii) For each fixed value of (c, A) E (0, +) 2 , there exists an increasing function of [0, +oo) to itself such that
for some constant c' > 0. Thus, to conclude the proof of the case m 1 = 1, it suffices to show that the chain rule holds. Since is a local diffeomorphism, for all P E ci, there exists p > 0 such that clB (P,p) 
for all tr z C'°(B(P, p)), which hold by the rule of change of variables in multiple integrals, by the validity of the chain rule when f E C(Q 1 ) (cf., e.g., Reshetnyak [24: Theorem 2.8/p. 211), by the condition detDI' < c 1 in ci, by the membership of D 1 g3 in W' -' ,P (Q) (and thus, as remarked above, in L(ci)), by the membership E C°(B(P, p)), and by the Holder inequality. Since the chain rule holds in B(P, p), a standard argument based on the partition of unity implies the validity of the chain rule in Q.
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We now assume that the claim holds for 1 m 1 <m and prove it for rn 1 We point out that our proof of the existence of t as in (5) heavily relies on the assumptions c> 0 and A < +00. Accordingly, one could not deduce from our proof the existence of ?k as in (5) 
and for all fixed x := (x 1 ,... , x,) E A,
Furthermore, the map A[ . , x] of (13) is linear, and A is continuous from Y x A into X, and if y E)' with y = limj-,,, pj in 3) for p3 E P(R' 2 ) and x E A, then
) -. 
satisfies detD()I > c V cl1
As we have indicated in the discussion preceding Theorem 
Proposition 3.1. Let Q be a bounded open subset of R". Then the following statements hold. (i) Let g E (C l (cicl)) T be such that detDg() 0 0 for all E cli). Assume that there exist R > 0 such that cicl c B(0, R) and yE (C1(clB(0,R)))" such that = g. Then, for all ij E R", the number of elements F(g,ij ) of the set g({q}) is finite and
C9 := sup I'(g,q) < +. 
Proof. Let 77 E g(cl ci). By applying the Inverse Function Theorem to the map 7
around the points of g({i}), we see that the set g({}) is discrete. Since g({77}) is clearly compact, we conclude that r(g,7 7 ) < + (which is a known fact).
To prove at once both statements (i) and (ii), it suffices to show the following claim: If {g,},EN and g are as in statement (ii), and if {771}1EN is a sequence converging to 77 E R'2 , then lim sup 1_ I' (gi, 771) < F(g, ii). Indeed, if the claim were true, then by taking gi = g and -y = -y , there could be no bounded sequence {771},EN with {r(g, 7 701 lEN converging to infinity, and since r(g,.) is zero outside of g(cl ci), statement (i) would follow. Similarly, there could exist no sequence {g,},EN converging to g as in statement
(ii) with C9 > C9 for all I E N, otherwise, we would have r(9 1 ,77 1 ) ? C9 + 1 for some bounded sequence {7I}lEN, and by taking a convergent subsequence of {771}IEN, our claim would yield a contradiction. Thus also statement (ii) would follow.
We now turn to prove our claim. If limsup,..r(g,,i,) > r(,77 ), then by possibly selecting a subsequence, we can assume that for each I there exist at least t := r(g, 7)+ 1 distinct points f, , ,, . . . , j , j of cl ci such that g({i, }) 2 . , i,t }. Since (cl l)' is compact, there exists a subsequence {(,,... ,i)}.tr of {(s,i,.. . ,11)}1EN converging to some (c,. . . ,) C (cici). Then by the inequality
and by taking the limit as k -, we obtain , = g () for all j E {1,... ,i}. Since r(g, 7) < t, at least two of the points must coincide. There is no loss of generality in assuming that = =: Z. Ill llwmiv1 ci b (II g II(Wm.p(0))), (22) for all (f, g) E W m "(ci 1 ) x cm,p,c(ci,cii).
( then gm,p,c(ci,cii) is open in cm,p ,o(cl,ci,) for all c > 0, and U c>ocm,p,c( ci , ci ,) = W rn1 P1(l 1 ) x cm,p,o(cl,cli) follows from that on Wm "' (1Z 1 ) x cm,p,c(cl,cl i ) for all c > 0, which in turn follows from statement (i) and Theorem 2.9, case r = 01
Differentiability of the Composition in Sobolev Spaces
Now, we note that, in general, cm,p , c(cl,Q i ) is not open in (W m P(Q) ) . Indeed, a map g* may be close to some g E gm ,p,c (cl,ci i ) in the norm of (WmP(cZ))", but the condition g(1) c Q, may well be violated. Thus, in order to study differentiability properties of the composition, we introduce a suitable open subset of gm, p , c(,cli) by means of the following statement. We now state our main differentiability theorem. We note that previous reults on the differentiability of the composition operator in Sobolev spaces were given in Valent [31, 331, who considered the first order differentiability in the variable (f, g), with f of class Cm1 and g E W m " in order to have fog E W m ', and the differentiability of order r > 1 of the map g '-fog from Wm,P into WmIP for a fixed f of the class C'1j+, and by Sickel [27] , Runst and Sickel [26] , who considered the infinite differentiability of the map g '-f o g in W m " with an I of class C°°. A first order differentiability theorem when both I and g belong to a Sobolev class was given, as mentioned in the introduction, by Brokate and Colonius [8) . The methods and results of those authors are different from those of this paper. Proof. By equality (24) , the set in (25) can be written as As it is well-known, Of E w m t+ 1 . P1(B(0 , R) c1 1 ) to w m , +r,p, (B(O, R) ). Then it suffices to show that the composition is of class Cr from Wrn1P1 (B(0,R)) x Km, p, c(1l, V) to Wmt'J"(Q). Now, by Proposition 2.8, the space WmtP1 (B(0, R) ) coincides with the completion of (P(R"), with II III wmi.p, (B(0R)) and with 11 . as in (8) . Furthermore, by Theorem 3.2/(i), there exists an increasing function i of (0, +cx) to itself such that Proof. We first prove statement (i). It clearly suffices to show that I is a representative of an element of W m ' P1(B (O, R) ), for all R> 0. Let G be an affine and invertible map of R' such that G(fl) J B(0, R). By assumption, G 10 is the representative of an element in A and thus f o Gç defines an element of Wrn1P1 (12) by the hypothesis of statement (i). By the inclusion G (')(B(O,R) ) c Q, the function Jo G1c_1(B(o,R) ) defines an element of Wm1PI(G (_I)(B(O,R)) ). Since G -' is a.ffine and invertible, and maps B(0,R) onto G (-1)(B(0,R) ), and Jo Glc (_1)(B(o,R) ) defines an element of W tm1 Th (G 1 (B(0, R) .1)(B(o,R) )) 0 (G(-') IB(O,R)) = flB (O,R) defines an element of Wm"P' (B(O,R) ).
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We now prove statement (ii) by induction on r e N. If r = 0, then we can conclude by statement (i). Let statement (ii) hold for r e N and assume that the map g '-1 09 is of class C+I from A into W m ' P (Il). Since g f o g is of class C' 1 , then the same map is of class CO and accordingly f defines an element of W"(R') by case r = 0. By Theorem 2.1,/(iii), the element of W1 '(R') defined by f admits a continuous representative .f, and f is differentiable in the ordinary sense outside of some subset S of measure zero of R'1 . Thus [6] , and Sickel [27] have investigated the problem of characterizing the f's of one real variable such that g '-+ f o g maps Wm)(RTh) to itself. Their results cover large classes of values of the exponents m and p and their approach is different from that of ours. If n = 1, then the statement (i) of Theorem 3.6 becomes a variant of the corresponding results of Bourdaud [4] and of Sickel [27] .
